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Abstract
Consider a 2D composites with non-overlapping equal inclusions
imbedded in a host material of the normalized unit conductivity. The
conductivity of inclusions takes two values σ1 and σ2 with the probabil-
ities p and 1−p, respectively. We prove that the effective conductivity
tensor of the considered three-phase random composite is equal to the
effective conductivity tensor of the two-phase deterministic composite
with the same inclusions of the conductivity σ = [p(σ1 − σ2) + σ2 +
σ1σ2][1 + σ1 − p(σ1 − σ2)]
−1.
MSC codes: 74Q15
1 Introduction
Exact relations and formulae for the eﬀective properties of composites are
of great interest in fundamental science and engineering applications. The
famous Keller’s [8, 9], Dykhne’s [7], Matheron’s [10] relations are bright ex-
amples in this ﬁeld. One can ﬁnd their extensions in [1, 2] and in other
works.
In the present paper, we propose a new exact relation for the eﬀective
properties of composites with equal inclusions. More precisely, we consider a
2D dispersed composites with non-overlapping inclusions of the same shape
and size imbedded in a host material of the normalized unit conductivity. The
conductivity of inclusions takes two values σ1 and σ2 with the probabilities
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Figure 1: Three phase random composite with equal inclusions of conductiv-
ities σ1 and σ2 in a periodicity cell.
p and 1− p, respectively, see Fig.1. The main result of the this paper can be
presented as follows.
Theorem 1.1 The effective conductivity tensor of the considered random
composite is exactly equal to the effective conductivity tensor of the two-phase
deterministic composite with the same inclusions of the conductivity
σ =
p(σ1 − σ2) + σ2 + σ1σ2
1 + σ1 − p(σ1 − σ2)
. (1.2)
2 General formulae for the effective conductiv-
ity
Following [11, 14] we use the complex variable z = x1+ ix2 for the considered
composites on the pane (x1, x2). Let ω1 and ω2 be the fundamental pair of
periods on the complex plane C such that ω1 > 0 and Im ω2 > 0 where Im
2
stands for the imaginary part. The fundamental parallelogram Q is deﬁned
by the vertices ±ω1
2
and ±ω2
2
. Without loss of generality the area of Q
can be normalized to one, hence, ω1Im ω2 = 1. The points m1ω1 + m2ω2
(m1, m2 ∈ Z) generate a doubly periodic lattice where Z stands for the set
of integer numbers. Introduce the zero-th cell
Q = Q(0,0) =
{
z = t1ω1 + t2ω2 ∈ C : −
1
2
< t1, t2 <
1
2
}
and the cells Q(m1,m2) = Q(0,0) +m1ω1 +m2ω2.
Consider N non-overlapping domains Dk having the same size and shape
and periodically located on the plane as shown in Fig.1. Let Lk denote the
boundary of Dk, a piece-wise oriented Lyapunov’s curve which leaves Dk to
the left. Introduce the multiply connected domain D = Q\ ∪Nk=1 (Dk ∪ Lk),
the complement of all the closures of Dk to Q.
Let the domain Dk is occupied by a material of conductivity λk. Without
loss of generality one can normalize the conductivity of the host to unity.
Introduce the contrast parameters
̺k =
λk − 1
λk + 1
, k = 1, 2, . . . , N. (2.1)
Let the external ﬂux is applied along the real axis x1 and uk(x1, x2) de-
note the potential (the temperature distribution in the terminology of heat
conduction) in the domain Dk. Following [11, 14, 5] introduce the complex
ﬂux
ψk(z) =
λk + 1
2
(
∂uk
∂x1
− i
∂uk
∂x2
)
, z ∈ Dk ∪ Lk. (2.2)
The functions ψk(z) are analytic in Dk, continuous in its closure and satisfy
the integral equations corresponding to the generalized alternating method
of Schwarz [14]
ψk(z) = −
N∑
m=1
̺m
2πi
∫
Lm
n2(t) ψm(t)E1(t− z) dt+1, z ∈ Dk (k = 1, 2, . . . , N).
(2.3)
Here, the bar stands for the complex conjugation, n(t) = n1(t) + in2(t)
denotes the complex unit outward normal vector to Lm isomorphic to the
geometric vector (n1(t), n2(t)), E1(z) is the Eisenstein function. Equations
(2.3) were obtained in [11] for circular inclusions. In the case of the arbitrary
3
shapes of inclusions, equations (2.3) are a slight modiﬁcation of [14, equations
(50) written for equal ̺m]. Repeating the arguments of [14] for general ̺m
we arrive at the integral equations (2.3).
Equations (2.3) are considered in the following Banach space. First,
we introduce the Banach space Hα of functions Hölder continuous on L =∑N
m=1 Lm (0 < α ≤ 1) endowed with the norm
‖ω‖ = sup
t∈L
|ω(t)|+ sup
t1,2∈L
t1 6=t2
|ω(t1)− ω(t2)|
|t1 − t2|
. (2.4)
The closed subspace A ⊂ Hα of functions analytically continued into all Dk
forms a Banach space. The convergence in A means the uniform convergence
on any closed subset of ∪Nk=1(Dk ∪ Lk).
The convergent successive approximations can be applied to (2.3) for any
non-overlapping location of the domains Dk and for any |̺k| ≤ 1 excluding
the touching percolation chains with |̺k| = 1 [11, 14].
Let Ψ(z) = ψm(z) for z ∈ Dm and let Am denote the integral operators
from the right hand part of (2.3)
(Amh)(z) := −
1
2πi
∫
Lm
n2(t) h(t)E1(t− z) dt. (2.5)
Then, (2.3) can be shortly written as the following equation in the space A
Ψ =
N∑
m=1
̺mAmΨ+ 1. (2.6)
Equation (2.6) has a unique solution in A for any |̺m| < 1. This solution can
be presented in the form of the absolutely and uniformly convergent series
[11, 14]
Ψ = 1 +
N∑
k1=1
̺k1Rk1 +
∑
k1,k2
̺k1̺k2Rk1k2 +
∑
k1,k2,k3
̺k1̺k2̺k3Rk1k2k3 + . . . , (2.7)
where Rk1 = Ak11 denotes the function obtained after application of the
operator Ak1 to the unit function 1(z) := 1 when z ∈ ∪
N
k=1(Dk ∪ Lk). In
general,
Rk1k2···kn−1 = Ak1Ak2 · · ·Akn−11. (2.8)
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Each index kj in the multiple sums runs over {1, 2, . . . , N}. The absolute
convergence of (2.7) means that every multiple sum
∑
k1k2···kn−1
is considered
as a term of the series without a permutation of subterms in diﬀerent terms
[14].
Let f = Nπr2 denote the concentration of inclusions in the unit cell. The
components λij of the eﬀective conductivity tensor Λe are determined by the
relation [14]
λ11 − iλ12 = 1 + 2
N∑
k=1
̺k
∫
Dk
ψk(x1 + ix2) dx1dx2. (2.9)
Introduce the constants Qkk1...kn−1 obtained by the integration from (2.9) of
the functions Rk1...kn−1 from (2.7)–(2.8)
Qkk1...kn−1 = 2
∫
Dk
Rk1...kn−1(x1 + ix2) dx1dx2. (2.10)
It is worth noting that Qkk1...kn−1 are pure geometrical parameters indepen-
dent of the conductivities because of their deﬁnition by means of (2.8) and
(2.5).
Using (2.7)-(2.10) we obtain the series
λ11 − iλ12 = 1 +
2f
N
N∑
k=1
̺k +
∑
k,k1
̺k̺k1Qkk1 + . . . (2.11)
+
∑
k,k1,...,kn−1
̺k̺k1 . . . , ̺kn−1Qkk1...kn−1 . . . ,
which can be shortly written as
λ11 − iλ12 = 1 +B0 +B1 + · · ·+Bn + · · · . (2.12)
A symbolic-numerical algorithm to explicitly ﬁnd the coeﬃcients Bn for cir-
cular inclusions was described in [3, 15]. Approximations of a domain by a
cluster of disks was discussed in [4]. This yields a constructive method to
establish analytical formulae for the eﬀective properties [5].
In the case of the equal conductivities of all inclusions (ρk = ρ) formula
(2.11) becomes
λ11 − iλ12 = 1+ 2fρ+ ρ
2
∑
k,k1
Qkk1 + . . .+ ρ
n
∑
k,k1,...,kn−1
Qkk1...kn−1 . . . . (2.13)
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The value λ22+ iλ21 can be calculated by the same formulae with replace-
ment 1 in the integral equations (2.3) by i [11]
ψk(z) = −
N∑
m=1
̺m
2πi
∫
Lm
n2(t) ψm(t)E1(t− z) dt+ i, z ∈ Dk (k = 1, 2, . . . , N).
(2.14)
This replacement means application of the external ﬂux along the axis x2.
The Eisenstein function E1(z) has to be replaced by E1(z)+2(S2−π)z, where
S2 stands for the Eisenstein-Rayleigh lattice sum [11, 5]. For macroscopically
isotropic composites, S2 = π [11].
The series (2.11) express the decomposition of the eﬀective conductivity
tensor Λe onto "physical" and "geometric" parts. More precisely, the compo-
nents of Λe are presented as linear combinations of monomials, the physical
contrast parameters ̺k̺k1 . . . , ̺kn−1 multiplied by the geometrical parameters
Qkk1...kn−1 .
3 Three-phase probabilistic model
In the present section, we prove Theorem 1.1 by study of the following ran-
dom structure. Let a set of the non-overlapping inclusions Dk of the same
size and shape is ﬁxed in the unit cell. Let the domain Dk be occupied
by a material of conductivity λk = σ1 with a prescribed probability p and
λk = σ2 with the probability 1− p. This corresponds to the uniform random
distribution of two conductivities σ1 and σ2 on the deterministically ﬁxed set
{Dk}
N
k=1 with the relative concentration p and 1− p, respectively.
The introduced probabilistic distribution implies that the contrast pa-
rameter (2.1) can be considered as a random variable taking the values
ν1 =
σ1 − 1
σ1 + 1
, and ν2 =
σ2 − 1
σ2 + 1
(3.1)
with the probabilities p and (1−p), respectively, independently on the domain
location. More precisely, ̺k (k = 1, 2, . . . , N) are considered as independent
and identically distributed random variables.
It is assumed that N is suﬃciently large. Then, N1 = pN and N2 =
(1−p)N or their integer parts can be considered as the numbers of inclusions
with the contrast parameter ν1 and ν2, respectively. It is assumed that N1
and N2 are integers for deﬁniteness.
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The sum (2.11) and the corresponding coeﬃcients Bn contain ̺k, hence,
they can be considered as random variables. Computation of the expected
values 〈Bn〉 yields the eﬀective conductivity components 〈λ11〉 and 〈λ12〉 of
the considered random composites.
First, consider the coeﬃcients B0. Its expected value (mathematical ex-
pectation) is calculated by formula
〈B0〉 = 2fq, (3.2)
where
q = p(ν1 − ν2) + ν2. (3.3)
In order to calculate the expected value of the monomial 〈̺k0̺k1 . . . ̺kn−1〉
we consider the classical hypergeometric distribution deﬁned by the proba-
bility P (k, n) that exactly k from n random variables ̺k0̺k1 . . . ̺kn−1 take the
value ν1 or exactly n− k variables take the value ν2
P (k, n) =
CkN1C
n−k
N2
CnN
, (3.4)
where CnN denotes the binomial coeﬃcients. Therefore, the following proba-
bilistic event is considered
̺k0̺k1 . . . ̺kn−1 = ν
k
1 ν
n−k
2 . (3.5)
Hence,
〈̺k0̺k1 . . . ̺kn−1〉 =
n∑
k=0
P (k, n)[ν1p]
k[ν2(1− p)]
n−k (3.6)
=
Cn(1−p)N
CnN
2F1
(
−Np,−n, (1 − p)N − n + 1,
ν1p
ν2(1− p)
)
[ν2(1− p)]
n,
where 2F1 (a, b, c, z) denotes the hypergeometric function. Here and below
the package Mathematicar is used for symbolic computations. Taking the
limit N →∞ in (3.6) we have
〈̺k0̺k1 . . . ̺kn−1〉
(∞) = qn. (3.7)
The relation (3.7) is obtained by the packageMathematicar. It is also follow
from [16] after application of the transformation
2F1 (−Np,−n, (1 − p)N − n+ 1, z) (3.8)
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= (1− z)n 2F1
(
N − n+ 1,−n, (1− p)N − n+ 1,
z
z − 1
)
and using [16, formula (13)] as (1− p)N tends to inﬁnity.
Application of (3.7) to (2.11) yields
〈λ11− iλ12〉 = 1+ 2fq+ q
2
∑
k,k1
Qkk1 + . . .+ q
n
∑
k,k1,...,kn−1
Qkk1...kn−1 . . . . (3.9)
One can see that formula (3.9) coincides with (2.13). This implies that the
eﬀective conductivity tensor of the considered three-phase random composite
is equal to the eﬀective conductivity tensor of the deterministic two-phase
composite when q = ̺. This relation q = ̺ with ̺ = σ−1
σ+1
and q given by
(3.3), (3.1) can be considered as an equation on σ. Its solution yields (1.2).
This proves Theorem 1.1.
4 Conclusion
Theorem 1.1 is based on the decomposition of the eﬀective conductivity ten-
sor Λe [5] when the components of Λe are presented as the linear combi-
nation (2.11) of monomials consisting of the physical contrast parameter
terms ̺k0̺k1 . . . ̺kn−1 multiplied by geometrical parameters. The geometri-
cal parameters are ﬁxed, hence, considered deterministically. The contrast
parameters ̺k are considered as independent and identically distributed ran-
dom variables. The independence on geometry is essential. Application of
the expectation operator to the linear combinations of monomials leads to
the expected values 〈̺k0̺k1 . . . ̺kn−1〉 which are exactly calculated.
It is worth noting that the 2D integral equations (2.3) corresponds to the
generalized Schwarz method which holds also in 3D [5]. Therefore, Theorem
1.1 can be considered as a hypothesis for 3D composites.
Theorem 1.1 opens possibilities to apply exact formulae for the eﬀective
conductivity of the regular arrays of disks [12, 5] and deterministic algorithms
[6] to the considered class of random composites.
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